Abstract. We prove that every bounded, linear, 2-local Hilbert space representation of a von Neumann algebra is a representation. In contrast, 1-local representations may fail to be multiplicative, even at the 2 by 2 matrix algebra level.
FLORIN POP
In section 2 we present an example of a local representation of the algebra of 2 by 2 matrices that fails to be a representation. We conclude with an application to 2-local automorphisms.
Local representations
In this section we begin the investigation of local representations, with the goal of going as far as possible within the 1-local property. 1.2. Remark. Let e ∈ M be an idempotent (e 2 = e). Then φ(e) = π e (e) = π e (e 2 ) = π e (e) 2 = φ(e) 2 , which shows that φ(e) is an idempotent as well.
Lemma. Let e and f be idempotents in B(H)
such that ef + f e = 0. Then ef = f e = 0.
Proof. We have 0 = e(ef + f e) = ef + ef e and 0 = (ef + f e)e = ef e + f e; hence ef = f e, which implies ef = f e = 0.
Proposition. If M is an abelian von Neumann algebra, then every local representation φ : M → B(H) is multiplicative, therefore is a representation.
Proof. Let p and q be mutually orthogonal (self-adjoint) projections in M. Then p + q is a projection and, by 1.2, we have
Let p and q be commuting projections in M. Then p = p 1 + r and q = q 1 + r, where p 1 , q 1 , and r are mutually orthogonal projections. From the first part of the proof we have
Since every von Neumann algebra is equal to the norm-closed linear span of its projections, the conclusion follows.
We now turn our attention to the non-commutative case. Let M be the 2 by 2 matrix algebra, generated by two mutually orthogonal, equivalent projections e and f and partial isometries v and v * satisfying 
. We now apply 1.2 to the projection p = 
Lemma. If S, T ∈ M and ST = T S, then φ(ST ) = φ(S)φ(T ).
Proof.
Hence, by using the relations 1.5, we obtain
A counterexample
The computations in section 1 and the obstructions therein suggest the following example of a local representation of the algebra of 2 by 2 matrices, which fails to be a representation. Define φ :
To show that φ is a local representation, it is enough to prove that I 2 ⊗ X and φ(X) are similar for all X ∈ M 2 (C). This is a routine exercise in linear algebra: two square matrices A and B are similar if and only if they have the same canonical Jordan form. Equivalently, they have the same characteristic polynomial and, for every common eigenvalue λ, the matrices λI − A and λI − B have the same rank.
Note that, for t ∈ C, X and Y are similar if and only if X + tI and Y + tI are similar. We distinguish several cases: 
In the same fashion,
have rank 2. This completes the proof.
2-local representations
Having obtained as much as possible from 1-local representations, we now address the question of whether the 2-local property yields any additional information. 
Relations 1.5 become
We need to prove only the last two. From the first two and 1.5 we have
(e).
A similar argument establishes φ(v)φ(v * ) = φ(f ).
Proposition. Every 2-local representation
Proof. We use the notation in 1.6. Recall that 
Corollary. Let M be a von Neumann algebra, and let φ : M → B(H) be a 2-local representation. Then φ is a representation.
Proof. The von Neumann algebra generated by any two projections e and f in M is either abelian, of type I 2 , or the direct sum of an abelian and a type I 2 ([9], 12.4.11). From 1.4, 3.4 and 3.5 we infer that φ(ef ) = φ(e)φ(f ). Since M equals the norm-closed linear span of its projections, φ is multiplicative on M.
We conclude with some remarks on 2-local automorphisms of von Neumann algebras. From [11] , [2] , [17] we know that every 2-local automorphism of B(H) (H separable) is an automorphism. In fact, no linearity, surjectivity or continuity are assumed. We generalize this result, in the context of linear maps. Recall that a von Neumann algebra M is singly generated if there is an operator S ∈ M such that M equals the ultraweak closure of the algebra generated by I, S, and S * . . Then φ and π are equal on the algebra generated by I, S, and S * . It is well known that π is ultraweakly continuous. In addition, ultraweak continuity of φ shows that the range of φ must be the entire M, which concludes the proof.
3.9. The class of singly generated von Neumann algebras contains all type I algebras [14] and all properly infinite ones [18] . While it is still unknown whether every finite von Neumann algebra is singly generated, the answer is affirmative for at least three important classes: finite algebras containing Cartan subalgebras [15] , type II 1 factors with property Γ and tensor products of type II 1 factors [5] .
